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PETTIS INTEGRABILITY

GUNNAR F. STEFANSSON

ABSTRACT. A weakly measurable function f:Q — X is said to be determined
by a subspace D of X if for each x* € X*, x*|p =0 implies that x*f =0
a.e. For a given Dunford integrable function f : Q — X with a countably
additive indefinite integral we show that f is Pettis integrable if and only if f
is determined by a weakly compactly generated subspace of X if and only if
f is determined by a subspace which has Mazur’s property.

We show that if f : Q — X is Pettis integrable then there exists a se-
quence (¢,) of X valued simple functions such that for all x* € X*, x*f =
lim, x*¢, a.e. if and only if f is determined by a separable subspace of X .

For a bounded weakly measurable function f: Q — X* into a dual of a
weakly compactly generated space, we show that f is Pettis integrable if and
only if f is determined by a separable subspace of X* if and only if f is
weakly equivalent to a Pettis integrable function that takes its range in cor}(Q) .

1. INTRODUCTION

It is well known [9] that if (Q, X, A) is a finite measure space, X a Banach
space with dual X*, and f : Q — X weakly measurable, then f is Pettis
integrable if and only if the operator T : X* — L;(4), x* — x*f is weak*-
to-weak continuous. However, unless weak*-to-weak continuity is implied by
sequential weak*-to-weak continuity of T, this criterion is very hard to test
directly. In [9] R. Huff demonstrates how one can, in certain cases, bypass
these difficulties. In this paper we generalize the ideas put forth in [9] and show
how far these generalizations go towards characterizing Pettis integrability.

Let us fix some terminology and notation. The dual of a Banach space X will
be denoted by X* and its closed unit ball will be denoted by By . Throughout,
(Q, X, 1) will denote a finite measure space. For convenience we assume the
measure space to be complete. A function f : Q — X is Dunford integrable
provided the composition 7Tx* = x*f is in L;(4) for every x* in X*. In
that case, the operator 7 : X* — L;(4) is bounded (the closed graph theorem).
If T* denotes the adjoint of T then T*xg isin X** forall £ in X. The
element T*xg is called the Dunford integral of f over E and is denoted
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by (D)- f[; fdA. The function f is called Pettis integrable if and only if its
Dunford integral is an element of the natural image of X in X**. In that
case we write (P)- [ fdA instead of (D)- [, fdA. The function v : X — X**,
E — (D)- [ fd4 is called the indefinite integral of f and it can be shown
to be countably additive if and only if T is weakly compact if and only if
{x*f :x* € Bx.} is uniformly integrable in L(4).

If f:Q — X* is weak* measurable [5], and f(-)x is in L;(4) for all x
in X, we say that f is weak* integrable. In that case, to each E in X there
corresponds an element x; in X* such that xj(x) = [ f(-)xdA for all x in
X . The element xj, is called the weak* integral of f over E and is denoted
by w*- [ fdA.

If K is a subset of a Banach space X, its linear span will be denoted by
span(K), its convex hull by co(K), its norm closure by CI(K), and its weak*
closure by w*-CI(K).

A Banach space X is said to be weakly compactly generated (WCG) if there
is a weakly compact subset K of X whose linear span is dense in X. X has
Mazur’s property if the sequentially weak* continuous functionals on X* are
in X.

2. PETTIS INTEGRABILITY

Let f:Q — X be a weakly measurable function and assume there is a sub-
space D of X such that whenever x*|p = 0 then x*f = 0 almost everywhere.
In that case, for each x* in X*, there exists a sequence (¢,) of D-valued
simple functions with x*f = lim x*¢, almost everywhere. Indeed, if x*|p =0
choose ¢, = 0 for all n. Otherwise, find a sequence ¢, of real-valued sim-
ple functions with lim ¢, = x*f. Then, choose an element d in D such that
x*(d) =1, and if welet ¢, = d¢,, then (¢,) is a sequence of D-valued simple
functions, and lim x*¢, = x*f. This property of the function f is formulated
in the following definition.

Definition 2.1. A weakly measurable function f : Q — X is said to be deter-
mined by a subspace D of X if one of the following equivalent statements
holds.

(a) If x* restricted to D equals zero then x*f equals zero a.e.

(b) For each x* in X* there exists a sequence (¢,) of D-valued simple
functions such that x*f =limx*¢, a.e.

All strongly measurable functions (see [5]) are clearly determined by sepa-
rable spaces. In [9], R. Huff calls such functions separable-like and shows that
Dunford integrable functions with countably additive indefinite integrals are
Pettis integrable whenever they are separable-like. The converse is not true [6].

Let f:Q — X be Dunford integrable and assume f is determined by a
subspace D of X. Let T:X* — L|(4), x* — x*f. Define an operator

Tp:D* — Li(A),
by

Tp(d*) = T(dext) »

where d,, is any extension of d* to all of X .
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Proposition 2.2. Let f:Q — X be a Dunford integrable function determined by
a subspace D of X . The operator Tp defined above is well defined and bounded.
Furthermore, Tp is weak*-to-weak continuous if and only if T is weak*-to-weak
continuous.

Proof. That Tp is well defined and bounded is clear. Also, it is clear that T
is weak*-to-weak continuous if Tp is weak*-to-weak continuous; so assume T
is weak*-to-weak continuous. Let (d}),c4 be a net in Bp. converging weak*
to zero. Choose a net (Xx}),cq in By. such that xk|p = d. If x* is any
weak* cluster point of (x}) then x*|p = 0. Let 4 be any weak cluster point
of (T'x})aca and let V a weak neighborhood system of 4. Let F = A xV
with (a, V) > (f, U) meaning a > f and V' C U. Then F is a directed set.
Since 4 is a weak cluster point of the net (Tx})ac,, the set T-'(V) N {x; :
y > a} is nonempty for all (a, V) in F. For each (a, V) in F choose an
element yf, ,, in T7'(V)N{x; : y > a}. Then (¥}, y))a,v)eF is a subnet
of (x})ecs and Tyg,. vy W h weakly. Let z* be any weak* cluster point

of (y(*a,V))(a,V)ep and choose a subnet (y) of (¥(a, )@, v)eF that converges
weak* to z*. Then (Tyj) is a subnet of (Ty(*a,,,))(a,y)ep and Ty 7 h

weakly. But T is weak*-to-weak continuous and therefore we also have that
Ty} 7 Tz* weakly. Thus, Tz* = h. But z*|p = 0, being a weak* cluster

point of (x}),c4. Hence, he Tz*=0.
We have shown that 0 is the only weak cluster point of (7x}),c4 Which
implies that Tx; — 0 weakly, and therefore Tpd; = Tx; — 0 weakly. O
a a

If D is a subspace of X, let a(X*, D) denote the topology on X* with
basic neighborhoods of zero

WO0;,d,dr,...,dn,6)={x*€ X" :|x*(d))| <e, 1<i<n},

where d;,d,,...,d, are in D. o(X*, D) is the coarsest topology on X*
with respect to which all the elements in D are continuous. The following
corollary is basically a reformulation of the above proposition.

Corollary 2.3. A Dunford integrable function [ : Q — X determined by D is
Pettis integrable if and only if T is a(X*, D)-to-weak continuous.

Proof. T is a(X*, D)-to-weak continuous if and only if Tp is weak*-to-weak
continuous if and only if T is weak*-to-weak continuous if and only if f is
Pettis integrable. O

Theorem 2.4. Let f:Q — X be a Dunford integrable function determined by a
subspace D. If T is weakly compact (resp. norm compact), then T is sequen-
tially o(X*, D)-to-weak (resp. sequentially o(X*, D)-to-norm) continuous.

Proof. Assume T is compact and let (x;) be a sequence in By. converging
o(X*, D) to zero. Since T is compact, we may assume there is an element
h in L;(4) to which (Tx;) converges in norm and a.e. We need to show
that h =0 a.e. Let x* be a weak* cluster point of the sequence (x;). Then
x*f = h a.e. Butsince (x}) is converging g(X*, D) to zero, x*|p = 0. Hence,
O=x*f=h ae.
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Now assume T is weakly compact. Let (x;;) be a sequence in By. converg-
ing o(X*, D) to zero. By weak compactness of T, we may assume that (7'x;)
converges weakly to 4. We want to show that 7 =0 a.e.

Let M; = Cl(co{Tx,},>1), a closed and convex set containing /4. There
exists a sequence (y;) in co{x;},> such that y;f — h ae. Let z} bea

weak™ cluster point of (y;). Then z} € w*-Cl(co{x,;},>1) and z}f =h a.e.
Let M; = Cl(co{Tx;;}»>2), a closed and convex set containing /. As before,
we find an element z; € w*-Cl(co{x;},>2) such that z;f = h a.e. Continuing
this way we produce a sequence (z;) € By~ such that

zy € w™-Cl(co{x; }n>k) € w*-Cl(co{x; }y>k—1) forallk,

and
zxf=h ae forallk.

Let z* be a weak* cluster point of (z;). Then z* € (2, w*- Cl(co{x}}n>k)
and z*f =h a.e. If we can show that z*|p = 0 then the proof is completed.
To obtain a contradiction, assume that there exists x € D such that z*(x) >
a > 0. By passing to a subsequence, and after reindexing, we may assume that
Zx(x) > a/2 > 0 for all k. But z; € w*-Cl(co{x;},>k), so we can find an

element, say ZLI a;x, , a convex combination, such that

l
> aix;, (x) > 7> 0.
i=1

But this means that at least one of the x; (x)’s must be larger than /4. Since
we can do this for each k, we obtain a subsequence (x; ) of (x;) such that
X, (x) > a/4 >0 for all k, which contradicts the assertion that (x;) is con-
verging o(X*, D) to zero. O

Since 7 maps bounded sequences which converge o(X*, D) to zero, to
sequences converging weakly to zero, the operator 7p is sequentially weak*-
to-weak continuous and hence, weak*-to-weak continuous whenever D has
Mazur’s property. Hence, we have the following generalization of Corollary
4 of [9].

Theorem 2.5. Let [ : Q — X be Dunford integrable and T weakly compact.
If [ is determined by a subspace having Mazur’s property, then f is Pettis
integrable.

A weakly measurable function f: Q — X is said to be weakly bounded if
there is a constant M > 0 such that for each x* in X*,

Ix*fl<M-|Ix7]|.

If X is a dual space, X = Y, then f is called weak* bounded if |f(-)y| <
M -|y|l forall y in Y.

Lemma 2.6. Assume f:Q — X is weakly measurable. There exists a countable
partition ©n of Q into measurable sets such that f - xg is weakly bounded for
all E in .

Consequently, there is a set F of arbitrarily small measure such that f - xqr
is weakly bounded.
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Proof. Forany E € X let TH(E)={F CE:F €X and A(F) > 0}. For Ey
in X*(Q), fix an integer n and observe that one of the two mutually exclusive
properties must hold

(i) There exists F € X*(Ep) such that for all x* € B*, |(x*f)- x| <n
a.e.

(ii) For each E € Z*(Ey), there exists F € Z*(E) and xj € B* such that
|(xzf)+ xr| > n and hence, || f(w)|| > n forall w € F.

If (i) fails, a standard exhaustion argument shows that for all w in Ep\K,,
where K, is of measure zero, ||f(w)| > n. Consider the same two properties
for the integer n + 1. If (i) fails again, there exists a set K,,; of measure
zero such that ||f(w)|| > n+1 for all w in E¢\K,,;. Continue through the
integers one by one until reaching an integer N for which property (i) does not
fail. Otherwise, if K = J;-, K, , a set of measure zero, then we see that for all
w in Ep\K, ||f(w)|| > n for all n, which clearly is impossible. Hence, each
set of positive measure has a subset of positive measure on which f is weakly
bounded. A standard exhaustion argument completes the proof. O

The above lemma allows us to write each weakly measurable function f in

the form
f=Zf'XE9

Een

where 7 is a countable partition of  into measurable sets, and each f -

xe 1s weakly bounded. Since weakly bounded weakly measurable functions

are Dunford integrable, this shows that any weakly measurable function f is

“almost” Dunford integrable in the sense that, for any given & > 0, there exists

a measurable set E such that A(Q\E) < ¢, and f - xg is Dunford integrable.
Using Theorem 2.5 and Lemma 2.6 we prove the following:

Lemma 2.7. Let f: Q — X be weakly measurable. Then f is determined by
a subspace of X having Mazur’s property if and only if f is determined by a
WCG subspace of X .

Proof. (<) Clear, since every WCG space has Mazur’s property.

(=) Assume f is determined by a subspace H of X having Mazur’s prop-
erty. Write f =3 ., f*xE,,where {E, :n=1,2,3,...} is a partition of Q
into measurable sets and f - xg, is weakly bounded, n=1, 2, 3, ... . Since f
is determined by H, f - g, is determined by H and hence, Pettis integrable

n

by Theorem 2.5, n = 1,2,3,.... Thus, f. xg, is determined by a WCG
subspace D, of X, n=1,2,3,.... Let K, be a subset of By such that
span(K,) isdense in D,, n=1,2,3,.... If welet K = Un>1(%Kn) then

K is weakly compact and f is determined by the WCG subspace span(K) of
X. O

Assume f is Pettis integrable. Then 7 is weakly compact (being weak*-to-
weak continuous) and hence, the adjoint 7* is weakly compact. In particular,
the set v(X) = {v(F) : E € X} is a relatively weakly compact subset of X . If
we let D be the span of v(Z) then D is WCG. Furthermore, if x*|p =0 then

0=x*(vE) = x*(T"(x£)) = /E x*fda,
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for all £ in X. Consequently, x*f = 0 a.e. Thus, Pettis integrable functions
are determined by WCG subspaces. Together with Theorem 2.5 and Lemma 2.7
the above observation gives us the following characteristic of Pettis integrable
functions:

Theorem 2.8. Let f:Q — X be Dunford integrable. The following statements
are equivalent:

(a) f is Pettis integrable.

(b) f is determined by a WCG space and T is weakly compact.

(c) f is determined by a space having Mazur’s property and T is weakly
compact.

Proof. (a) = (b) This is pointed out in the discussion following the proof of
Lemma 2.7.

(b) & (c) This is Lemma 2.7.

(c) = (a) This is Theorem 2.5. O

Example I1.3.3 of [5] shows that weak compactness of 7" cannot be omitted
in the above theorem. In [S5], Theorem II.3.7, it is shown that if a Banach
space X does not have a copy of ¢y, then any strongly measurable function
into X is Pettis integrable whenever it is Dunford integrable, so the absence of
¢o replaces the requirement of 7' being weakly compact. Using Lemma 2.6 we
can extend this theorem as follows:

Theorem 2.9. Let D be a subspace of X, and assume D does not contain a
copy of ¢o. If D is WCG (has Mazur’s property), then every Dunford integrable
function f determined by D is Pettis integrable.

Proof. Assume D is WCG. Since f is weakly measurable, there exists a count-
able partition n of Q into measurable sets such that for each E in 7, the
function f . xg is weakly bounded. Since f is determined by a WCG sub-
space, each f - yr is determined by a WCG subspace, and hence, f - xg is
Pettis integrable for all £ in n. This means that for each F € X

(D)- | fdi=(P)-| fdieX.

FNE FNE
For x*€ X* and FeX
3 |x <(P)-/ fd}.)‘ -3 / x"fa'l‘
Een FNE Een FNE
SZ/ |x*f|dl=/|x*f|dl<oo.
fen JFNE F

Since D has no copy of ¢y, the Bessaga-Pelczynski characterization theorem,
[4, p. 45], says that the series ) .,(P)- [z fdA is an unconditionally norm
convergent series for all F in X.

Evidently Yy (P)- [pnp fdA=(P)- [ fdA. O

An argument similar to the one used in the proof of Lemma 2.7 shows that
if a function f : Q — X is the almost everywhere weak pointwise limit of a
sequence (f,) of Pettis integrable functions in the sense that

for each x* in X*, x*f=limx*f, ae.,
n
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then f is determined by a WCG subspace of X . Hence, if we know, or if
we can show that f is Dunford integrable with countably additive indefinite
integral (equivalently, the set {x*f : x* € Bx.} is uniformly integrable) then
f is Pettis integrable. In this way we can extend Theorem 3 of [8] to hold for
nonperfect measure spaces.

Theorem 2.10. Let f: Q — X . If there is a sequence (f,) of Pettis integrable
Sfunctions from Q to X such that
(a) The set {x*fy:x* € Bx., n=1,2,3,...} is uniformly integrable, and
(b) for each x* in X*, limx*f, = x*f ae,
then f is Pettis integrable and lim, [, f,di = [, fdi weakly for each E in
2.

Proof. As we have already pointed out, condition (b) implies that f is de-
termined by a WCG subspace of X . It remains to show that f is Dunford
integrable and the set {x*f : x* € Bx.} is uniformly integrable, but that follows
from Vitali’s convergence theorem. 0O

Corollary 2.11. Let f: Q — X be Dunford integrable, and assume X has no
copy of cy. The following statements are equivalent:

(a) f is Pettis integrable.

(b) There exists a sequence f, : Q — X of Pettis integrable functions such
that for each x* in X*, x*f =lim,x*f, a.e.

Proof. (a) = (b). Clearly

(b) = (a). By Theorem 2.8, each f, is determined by a WCG subspace of
X . It follows that f is determined by a WCG subspace of X . An appeal to
Theorem 2.9 concludes the proof. O

Remark. A slightly different version of Theorem 2.10 appears in [10], but the
statement of that theorem is too general to be true as the following example
shows.

Example. Let Q =[0, 1] and (Q, Z, A1) be the Lebesgue measure space. For
each n in N define the function
i Q—c, I enta,

where {e, : n € N} is the standard basis for ¢y. Then

(i) For x* € ¢ =11, x*f, =0 a.e. implies x*=0.

(i) {x*fn:x*€Bx., n=1,2,3,...} ={axg:—-1<a<1} is uniformly
integrable. By theorem of [10], any weakly measurable function into ¢y would
be Pettis integrable which we know is not true.

3. FUNCTIONS DETERMINED BY SEPARABLE SPACES

Let f: Q — X be weakly measurable and assume there exists a sequence
(@n) of X(X**) valued simple functions such that

(%) for each x* in X*, x*f= li’{n x*p, ae.

Write ¢, = 0" Xn, XE, (= Py Xne XE, ) - Let Zp be the algebra generated by
{En )i, » and let o(U;_; Zn) = Z» denote the complete o-algebra generated
by the collection (X,). Itis clear that x* f is X,,-measurable for all x* in X*,
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so if f is Dunford integrable, the set {x*f : x* € X*} C Li(4, ) C Ly(4)
is separable. Hence, whenever a Dunford integrable function f : Q — X is
a weak (weak*) a.e. pointwise limit of a sequence (¢,) of simple functions in
the sense of (x) the range of the operator 7 : X* — L;(4), x* — x*f is
separable. Lemma 3.1 shows that the converse is true. To prepare for the proof
we introduce some notation.

If = is any finite partition of Q into measurable sets and X, = g(n) denotes
the o-algebra determined by n, the operator E, : L1(A) — L;(4) defined by

Ex(8)=)_ {l(l—E)/Egdl}xE,

Een

maps each element of L,(A) onto its conditional expectation relative to X, .
If (m,) is an increasing sequence of finite partitions of Q into measurable
sets, and Xy = o(J,Zs,) then, for each g in L(A), E;(g) — Ex(g) ae.
and in L;(A)-norm, where Es : L;(A) — L;(4) is the conditional expectation
operator relative to Xy . In particular, if (Q, X, A) is a separable measure space,
E, (g) — g ae. and in L;(A)-norm.

Lemma 3.1. Let f: Q — X be Dunford integrable. Let T : X* — Ly(4),
x*— x*f. The range of T is a separable subspace of L,(A) if and only if there
exists a sequence (¢,) of X** valued simple functions such that for all x* in
X*

x*f = li'nl'n onx* a.e andin L\(A)-norm.

If f is Pettis integrable, the sequence (¢,) can be chosen to be X-valued, and
hence, f is determined by a separable subspace of X .

Proof. The sufficiency has been established. To prove the necessity, choose
a countable subset 4 of X* so that T4 is dense in TX*. There exists a
countable collection (F,) of sets in £ such that if Xy denotes the completion
of the o-algebra generated by (F,), then Tx* is Xj-measurable for all x* in
A.

For n=1,2,3,...,let Z, denote the finite algebra generated by (F;)%,,
let m, be the atoms of X, , and let X,, be the completion of the algebra |JZ, .
Then X, =2.

Let E, be the conditional expectation operator on L;(4, X) relative to X, .
Then E,(x*f) — x*f a.e. and in norm for all x* in 4. Fix any x* in X*
and choose a sequence (x;) in A such that |x}f —x*f]||; < 1/i. Then

WEn(x*f) = X" flly S NEn(x™S = XF Ol + 1 Ea(x] ) = X7 flly + 1% f = x*fly
S 2x"f = xSl + N En(X7 ) = X Sl

Now if ¢ > 0 is given, choose i such that 1/i < /3, and for that particular i
choose N such that ||E,(x}f) —x}f|li <e/3 forall n > N. Then,

IEn(x*f)—x"fll1 <2¢/3+¢/3=¢,
for all n» > N . Note that for any x* in X*

BN = Y g [x T} re - (E;ﬁ {or [ fdz}xE) (x),

E€n,
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so if we let ¢, =Y pc, ﬁ -{(D)- [ fdA}xE, then g,x* — x*f a.e. and in
L,(4)-norm.

If f is Pettis integrable, then (D)- [ fdA = (P)- [; fdA isin X forall E
in X, so our simple functions are X-valued. Furthermore, if D is the closed
linear span of |J¢,(Q), then D is separable. If x*|p = 0, then x*¢, =0
for all n and hence, x*f = lim, x*p, = 0 a.e. But this means that f is
determined by D. 0O

We are now in a position to characterize Pettis integrable functions deter-
mined by separable spaces.

Theorem 3.2. Let f: Q — X be Pettis integrable. The following statements are
equivalent:
(a) f is determined by a separable subspace of X .
(b) There exists a sequence (¢,) of X-valued simple functions such that for
all x* € X*
x*f= lirllnx*(p,, a.e. and in Ly(1)-norm.

(¢) T has a separable range.
(d) T* has a separable range.

Proof. (a) = (c) Assume f is determined by a separable subspace D of X .
Then X* has a countable g(X*, D) dense subset. But T is o(X*, D)-to-weak
continuous. Hence, T has a separable range.

(c) = (b) This is Lemma 3.1.

(b) = (d) Let Z = span(lJ, 9»(Q?)). Then Z is separable. If x*|z =0
then x*¢, = 0 for all n and hence, x*f = 0 a.e. We want to show that for
any F in X, T*yg isin Z . To obtain a contradiction, assume there exists
aset £ in X such that T*yg is in X\Z . Then there exists x* in X*, with
x*|z =0, and such that x*(T*xg) = [, x*fdA>0. But

/ x*fdi= lim/ X*¢pdi=1limx* ((Bochner)-/ On dl) ,
E " JE n E

and (Bochner)- [ ppdAe Z, forall n.
(d) = (a) Let Range(T*) =D C X. If x*|p =0 then forall E€X

x*(T*xg) =/x*fdl=0.
E
Since this equation holds for all measurable E, we conclude that x*f =0 a.e.

It follows that f is determined by D. But D is separable. 0O

Two weakly measurable functions f:Q — X and g:Q — X are said to be
weakly equivalent if for each x* in X*,

x*f=x"g a.e.

If X is a dual space, X = Y*, then [ and g are weak equivalent if f(-)y =
g()y ae. forall y in Y.

Lemma 3.3. For a strongly measurable function g : Q — X, the following are
equivalent:

(1) g is essentially bounded.

(2) g is weakly bounded.




410 G. F. STEFANSSON

If X is a dual space, X = Y*, these are equivalent to
(3) There exists M such that |g(w)(y)| < M -||y|| ae forall y in Y.

Proof. Suppose (2) (or (3)) holds. We prove (1). It suffices to show that if there
exists a set E of positive measure such that ||g(w)|| > M for all w € E, then
there exists x; € B* and a set G of positive measure such that |xjg(w)| > M
forall weG.

By redefining g on a set of measure zero we may assume that g is a uniform
limit of a sequence (¢,) of countably-valued functions. Assume there exists
a set Ep of positive measure such that ||g(w)|| > M for all w € E;. By
restricting g to a subset of E,, we may assume there exists an & > 0 such that
lg(w)|| > M +¢ forall weE,.

Choose n € N such that ||g — ¢.|| < e&/4. If ¢, =3 2, XniXE, , then there
is an integer j such that the set G = Ey, N E; has a positive measure. Hence
llg(w) — x4j|| < €/4 forall w € G. But ||g(w)|| > M +¢ forall we G, so
lxnjll > M + 3e/4. Find x5 € B* such that xj(x,;) > ||xsj|| — e/4. Then for
all we G,

€ € €
773~ M+3

If X =Y* the element x§ can clearly be chosen to belongto Y. O

X6 &(w)| 2 | x5 (&(w) = Xnj)| = x5 (Xnj)| | > M +

Let us assume we are given a weakly measurable function f: Q — X and
we want to know if f is weakly (weak*) equivalent to a strongly measurable
function g : Q — X(X**). By Lemma 2.6, we can assume that f is weakly
bounded. Thus, by Lemma 3.3, g is essentially bounded and Bochner in-
tegrable [5]. Since f is weakly bounded its indefinite integral is countably
additive and of bounded variation. Hence, to say that f is weakly (weak*)
equivalent to a strongly measurable function is the same as saying that the in-
definite integral of f is given by a Bochner integrable function. Indeed, if f
is weakly equivalent to a strongly measurable function g : Q — X then f is
Pettis integrable and for any E in X,

x* ((P)-/Efdl) =/Ex*fd,1=/Ex*gd,1=x* ((B)-/Ega’l) .

Since this equation holds for all x* in X*, we have
(P)-/ fdi= (B)-/ gdi.
E E

Thus, if v: X — X, v(E) = (P)- [; fdA is the indefinite integral of f, then
it must be given by a Bochner integrable function, namely g .

Conversely, if the indefinite integral of f is given by a Bochner integrable
function g:Q — X, then forany F in X,

/Ex‘fdl=x‘ ((P)-/Efd/l> =x* ((B)-/Egdl) =/Ex‘gd,1.

Thus, x*f = x*g a.e., and f is weakly equivalent to a strongly measurable
function.

If f is not Pettis integrable, its indefinite integral, v, has its range in X**.
As before, we have that f is weak* equivalent to a strongly measurable function
if and only if v is given by a Bochner integrable function g:Q — X**.
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Proposition 3.4. A Dunford integrable function f:Q — X is weak* equivalent
to a strongly measurable function g :Q — X** if and only if for each set E of
positive measure there is a set F C E of positive measure such that the operator
Ty, : Lo(A) = X**, h — [.hfdA has a Bochner representable extension to
Li(A).

Proof. Assume that f is weak* equivalent to a strongly measurable function
g:Q — X* and let E € X be of positive measure. By Lemma 2.6 there
exists a set F C E of positive measure such that f restricted to F is weakly
bounded, say |(x*f)xr| < M||x*|| a.e. for some integer M . By Lemma 3.3 this
implies that g restricted to F is essentially bounded. Hence, gxr is Bochner

integrable.
For any F € ¥ and any x* € X*
D) [ fdix) = / x*fdi= [ x*gdi=(Bochner)- / g dA(x").
ENF ENF ENF ENF

Since this equation holds for all x* € X* we must have that

(D)- fdA = (Bochner)- gdA forall EeX.
ENF ENF

It follows that for any simple function ¢ € L;(4)

T;F(/):/F(pfd/l:/F(pgdl.

To see that T, is Bochner representable fix any £ € L;(4). The function
hg : Q — X is strongly measurable and [ ||gh||dA < M| h|,, so hgxF is
Bochner integrable. Choose a sequence (¢,) of simple functions such that
Pn —— h in Li(A). Then

T;.h= li'rln Ty, 00 = li'rln/F(p,,gdl.
But || [phgdA— [z 9.gdAll = || [p(h— ¢n)gdAll < M||h — ¢,|li — 0. Hence

T;Fh=lim/ (o,,gdl=/hgdl.
nJF F

Conversely, suppose that for every set E of positive measure there is a set
F C E of positive measure and that the operator 7, has a Bochner repre-
sentable extension to L;(4). Fix an element x* € X* and a set E € X. Then

/ x*fdi =Ty (xe(x*)) = (Bochner)- gdi(x*) = / x*gda.
FNE

FNE FNE

Since this equation holds for all £ € ¥ x*f = x*g almost everywhere on
F. But x* was arbitrary. Hence, fxr and gxr are weak* equivalent. A
standard exhaustion argument provides us with a sequence (g,, F,) where the
F,’s are disjoint sets of positive measure such that A(Q) = A(U,., F,) and the
gn’s are such that g,xr, is weak* equivalent to fyg, for all n. Without loss
of generality we can assume that each g, is zero outside F, . Now if we define
g(w) =372, gn(w) if w e J,2, F» and zero otherwise then it is clear that g
is strongly measurable and weak* equivalent to . O
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In view of the above proposition it is clear that if f : Q — X is weakly
measurable and determined by a subspace D of X then:

(i) If D** has the Radon-Nikodym Property [5], then all weakly measurable
functions into X determined by D are weak* equivalent to strongly measurable
functions into X**, and those that are Pettis integrable are weakly equivalent
to strongly measurable functions into X .

(i) If D has the Radon-Nikodym Property, all Pettis integrable functions
determined by D are weakly equivalent to strongly measurable functions into
X.

Proposition 3.5. A/l weakly measurable functions determined by reflexive spaces
are weakly equivalent to strongly measurable functions.

Proof. Let X be a Banach space, let D be a reflexive subspace of X, and let
f be a weakly measurable function into X determined by D. Without loss
of generality, we may assume f is weakly bounded. The operator 7p : D* —
Li(A), d* — dZ,f is weak-to-weak continuous and, since D is reflexive, Tp is
in fact weak*-to-weak continuous. Thus, by Corollary 2.3, f is Pettis integrable.
Since reflexive spaces have the Radon-Nikodym Property [5, Corollary 4, p. 82]
the proof is complete. O

Remark. If f:Q — X is Pettis integrable, the following statements are equiv-
alent:
(1) f is weakly equivalent to a strongly measurable function.
(2) There exists a sequence (¢,) of simple functions such that for all x* €
X*
x*¢, —— xX*f a.e.,
n—oo

and (g,(w)) is relatively weakly compact a.e.
(3) There exists a sequence (¢,) of simple functions such that for all x* €
X*
X' ——x"f ae,

and for each set FE of positive measure, there exists a set F C E of positive
measure such that (J;2, ¢,(F) is relatively weakly compact.

Proof. (1) = (3) Assume f is weakly equivalent to a strongly measurable
function g. There exists a sequence (¢,) of simple functions such that
lim, ||g — ¢nll = 0 a.e. Let E be any set of positive measure. By Egoroff’s
theorem, there exists a set F C E of positive measure such that (¢,) con-
verges to g uniformly on F . Since the ¢,’s are simple, the set ;- , ¢.(F) is
totally bounded and hence, relatively weakly compact.

(3) = (2) If not, there exists a set E of positive measure such that for
each w € E, the sequence (¢,(w)) has no weakly convergent subsequence,
contradicting (3).

(2) = (1) Assuming (2), find a set E of measure zero such that off E the
set {p,(w)} is relatively weakly compact. For each w ¢ E, choose a weak
cluster point x,, of (¢,(w)) and define a function g:Q — X by the equation

0, ifwekFE,
Xy, fwé¢kFE.

stw) = {
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Then g is separably valued. By definition, g is weakly equivalent to f and
hence, weakly measurable. Being separably valued, g is strongly measurable.

4. INTEGRATION IN DUAL SPACES

Lemma 4.1. Let f:Q — X* be weak* measurable.

(a) There exists a countable partition n of Q into measurable sets such that
foreach E in n, f-xg is weak* bounded.

(b) If f is weak* integrable and the set {f(-)x : ||x|| < 1} is separable, then
there exists a sequence (m,) of finite partitions of Q into measurable sets such
that

(1) myy1 refines m,, i.e. each member of m,., is contained in a member of
nn 5]

(ii) if we let 9n = pen {zpy (W™ f fAM)}2E, then for all x € X,

f()x = lim g,(-)x ae.

Proof. (a) This is essentially Lemma 2.6.

(b) There exists a countable set 4 C {x : ||x|| < 1} such that {f(-)x : x € 4}
is norm dense in {f(-)x : ||x|| < 1}. Since 4 is countable, there exists an in-
creasing sequence (7m,) of finite partitions of Q into measurable sets such that
if X, denotes the (trivial) g-algebra generated by n, and X, = g(|JZ,), then
f(+)x is X.-measurable for all x in A. Let E, denote the conditional expec-
tation operator on L;(A) with respect to X, andlet E., denote the conditional
expectation operator on L;(4) with respect to X, . Then E(f(-)x) = f(-)x
for all x € 4. Hence, E,(f(-)x) converges a.e. and in L;-norm to f(-)x for
all x in 4.

Let x be any element in {x : ||x|| < 1}. Find a sequence (x,) in A such

that
1£()x = () %ally == 0.

(o ¢]

Then

lEo(f(+)x) = f()xIlt < [[Eao(S(+)X) = Eco(f()Xn)llt + |Eco(f(+)Xn) — f(*)X]l1
SNEll - 1F()x = f()xully + 1Lf()x = () Xnll1 -
Hence, E(f(-)x) = f(-)x a.e. forall x € {x : |x|| < 1}. Then E,(f(-)x)
converges almost everywhere and in L;-norm to f(-)x forall x in {x:|x|| <
1
}But En(f()X) = Xpen, {mpy(w*- Jg fdA)} - x£()(x) forall n and all x in
X, so if we deﬁne for each n a S1mple function

1
On = {—— ('w*-/fdl)}-x}s,
Eze;” AE) E
then for all x in X, f(:)x =lim,_, ¢,(-)x a.e. O

Following [2] we define the weak*-core of f over E, denoted by cory(E),
to be that subset of X* given by

corf(E) = (] w*-clco f(E\A).
A(A)=0
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Lemma 4.2 [2). If f:Q — X* is weak* integrable then, for each E € X,

cor}(E)=w*-clco{ﬁ <w*-/FfdA> :FCE, FeX, AF) >0} .

Proof (R. Geitz). Let F be a subset of E of positive measure and let 4 be a
set of measure zero. If (1/A(F))(w*- [ fdA) is not in w*-clco f(F\A) there
exists an element x in X such that

Z%Lfb)x dA > sup{f(w)x : w € F\A}.

By integrating over F\A we get

[ r0xdis [ foxda,

which is a contradiction. Hence, (1/A(F))(w*- [ fdA) € w*-clco f(F\A4) C
w*-clco f(E\A) . It follows that w*-clco{(1/A(F))(w*- [ fdA): FCE, F €
X, AMF)>0}C cor}(E).

To prove the opposite inclusion, let x* be in cor}(E ). It suffices to show
that for any x in the unit ball of X,

x*(x)zinf{ﬁ/Ff(-)xdl:FgE, Fex, ,l(F)>O}.

To that end, fix ¢ > 0. Find a countable partition n© of Q into measurable
sets and a sequence (Cg)ger such that forany E in #

e
4
Note that if E is any set in 7 of positive measure and w is in E, then

1
fw)x = 575 /E f)xda

|f(w)x — Cg| <= forallwinE.

<&

7"
Let A be the union of all zero sets of 7. Then x* is in w*-clco f(E\A4), so
there exists a finite convex combination ) «;f(w;) such that w; is in E\A4
and ||x* = Y a;f(w;)|| < ¢/2. Thus, we have

. €
x(x) = Y aif(w)(x)| < 5.
If E; is the element of n that contains w;, then

. 1
X (x)—Za,-m/Eif(o)di, <e.

Since ¢ was arbitrary, it follows that

x*(x)zinf{zz%—)—/Ff(o)xd/legE, FeZX, ,I(F)>0}. o

Lemma 4.3. Let f: Q — X* be a weak* integrable function and assume that
the set {f(-)x:|x|| <1} C Ly(A) is separable. Then
(a) cory(Q) is a weak* separable subset of X*.
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(b) f isweak* equivalent to a weak* measurable function that takes its range
in cor}(Q).

Proof. Since {f(-)x :|x|| < 1} is separable, Lemma 4.1(b) provides us with a
sequence (¢,) such that each ¢, takes its range in cor}(Q) and forall x € X,
on(+)x converges almost everywhere to f(-)x .

To prove (a), observe that if F is any subset of Q of positive measure, then
for each x € X,

(v [rar) o= [ soxai=tim [ pntoxai

- lim EEE: ﬁ (w*- /E fa’,l) AFNE)(x).
iy (v ) o0 = jm 2 (o ) o

. cor’y(Q) € w* clco (U ¢,,(Q)) C cory(Q).

To prove (b), we first assume that f is weak* bounded by 1, i.e., for each

xX€eX,
IfC)x < lixll ae.
Then for any set E € £ with A(E) >0,

[ (- [ 2)| =

Indeed, ||y (w*- fp fAA < sup{zg Jp1f()x|dA : |x| < 1} < 1. Hence,
cor}(Q) is bounded. Let g be any weak* cluster point of the sequence (¢,).
Then g(Q) C cor}(Q) and g is weak* equivalent to f. In particular, g is
weak* measurable. For the general case, observe that if E is a set of positive
measure and f - yg is weak* bounded, the cory(E) is bounded. Find a count-
able partition P of Q such that f.yg weak* bounded for each E in P. For
each E in P let n,z denote the common refinement of 7, and {Q\E, E}.

Then
- % g (v [ rar) e,

Fen,e
FCE

is zero outside E, and otherwise takes its values in cory(E). If we let gg be

a weak* cluster point of (y,), then gg is weak* equivalent to f - xg. If we
define a function g by the equation

g= Z 8E,
E€P
then g takes its range in cor}(Q) and is weak* equivalent to f. DO

In [3] Davis, Figiel, Johnson, and Pelczynski prove that for any WCG space
X, there exists a reflexive space R and a one-to-one bounded linear operator
S : R — X onto a dense linear subspace of X . Using this result we prove the
following:
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Lemma 4.4. If X* is a dual of a WCG space X and f : Q — X* is weak*
integrable, then {f(-)x :||x|| < 1} is separable.
In particular, cory(Q) is weak* separable.

Proof. There exists a reflexive space R and a one-to-one bounded linear oper-
ator S : R — X onto a dense linear subspace of X. Then S$* : X* — R* is
one-to-one and is onto a dense linear subspace, since R is reflexive.

Let f:Q — X* be weak* integrable and consider the function S*f: Q —
R* . It is clear that S*f is weakly measurable and Dunford integrable. Hence,
S* f is Pettis integrable and weakly equivalent to a strongly measurable function
g : Q — R* by Proposition 3.4. Find a sequence (y,) of R*-valued simple
functions such that

g = ¥nll ——0 ae.

Since S* is onto a dense subspace of R*, for each n we can find a simple
function f,: Q — X* such that

* * 1
157 fn = Wnlloo = sup IS™ fu(w) = yu(w)ll < o -
weQ

Then we have ||g—S* full < |lg— ¥nll+]lwn—S* full ——— 0 almost everywhere.
But g is weakly equivalent to S*f, so forall r € R (= R**)
r(S*f)=r(g) a.e.
= li'xln r(S*f,) a.e.

Hence, forall r e R,
(Sr)f = li'rln(Sr)f,, a.e.

Consider the operator Ty : X — Li(4), x — f(-)x. If welet T: R — L(4),

r— rS*f, then, forall r € R
T(r) = Tf(Sr) = TfS(r) .
.. T(R) =T;S(R).
But T'(R) is separable, by Proposition 3.4 and Theorem 3.2, and S(R) is dense
in X . Hence,
T¢(X)=T/(CI(SR)) C CI(T(S(R)).

It follows that {f(-)x :|x|| < 1} is separable. O

Using Lemmas 4.3 and 4.4 we characterize Pettis integrable functions into
duals of WCG spaces.

Theorem 4.5. If X* is a dual of a WCG space X, and if f:Q — X* is weakly
measurable and weakly bounded, then the following are equivalent:
(a) f is Pettis integrable.
(b) f is determined by a separable subspace of X* .
(c) There exists a sequence (9,) of simple functions such that for all x** €
X ,
xX*f = "ILIEO xX**¢, ae.

(d) f is weakly equivalent to a Pettis integrable function g : Q — cor(Q).

Proof. (a) = (b) Assume we are given a Pettis integrable function f:Q — X*.
Let S:R— X and Ty :L;(A) be as in the proof of Lemma 4.4. If f is Pettis
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integrable, the operator 7 : X** — L,;(4) is weak*-to-weak continuous, and
since X is weak* dense in X**,

TX** = T(w*-Cl(X)) C w-CUT(X)) = w-C(T;(X)) C w-CI(T;S(R)).

But by Lemma 4.4, T;S(R) is separable. Hence, TX** is separable and by
Theorem 3.2, f is determined by a separable subspace.

(b) = (c) This follows from Theorem 3.2.

(c) = (d) By Theorem 3.2, f is Pettis integrable and {f(:)x : ||x|| < 1}
is separable. By Lemma 4.3(b), f is weak* equivalent to a weak* measurable
function g: Q — cor}(Q) . To show that g is weakly measurable, we use the
fact that g takes its range cor‘f‘(Q). By Lemma 4.3(a), cor}(Q) is a weak*
separable subset of X* and hence, generates a weak* separable subspace D of
X*. A theorem of Amir and Lindenstrauss [1] provides us with a projection
P : X — X such that PX is separable, and D C P*X*. This means that we
can write X = X;® X, and X* = X[ ®X; where X, is separable and D C X .
Since X, is separable, there exists a set £ € £ of measure zero such that off
E b

f()x2 = g(*)x2,

for all x; € X,. Hence, off E
(f()—8(-))x2=0,

for all x; € X,. Consequently x;* f = x3*g a.e. for all x3* € X3* and hence,
g is weakly measurable as a function into X5 . Then g is weakly measurable
into X*. Since f is Pettis integrable, (P)- [, fdA = w*- [, fdAe X; for all
E € X. Therefore f is determined by X . If x** € X** write x** = x{* +x;*
where x7* € X}*, i=1,2. Then

x*f=x"+x7)=0+x3")f ae.
=(0+x3")g ae.
= (X" +x7)g
— x*!‘g .
Hence, f is weakly equivalentto g. O

Corollary 4.6. If X is isomorphic to a subspace of a dual of a WCG space and
f:Q — X is a weakly bounded and weakly measurable function, then the
following are equivalent:

(a) f is Pettis integrable.

(b) f is determined by a separable subspace of X .

Proof. (b) = (a) This is Theorem 2.5.

(a) = (b) Let Z be a dual of a WCG space and S : X — S(X) C Z
an isomorphism. If f is a Pettis integrable function into X, then Sf is a
Pettis integrable function into Z and, by Theorem 4.6, Sf is determined by
a separable subspace Y . By Theorem 3.2(d), the set D = span{(P)- [, Sfdi:
E € X} is contained in Y. Butif z*[p = 0, then [, z*Sfdi =0 for all
E € X, and consequently z*Sf = 0 a.e. Hence, we can assume that Sf
is determined by D. The space S~!(D) is a separable subspace of X and,
since (P)- [ SfdA=S((P)-[; fdA) forall E € X, the range of the indefinite
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integral of f is contained in S~!(D). Hence, f is determined by a separable
subspace. O

Corollary 4.7. If X has a WCG dual and [ : Q — X is a weakly bounded
weakly measurable function, then f is a Pettis integrable if and only if it is
determined by a separable subspace of X .

Proof. Note that f : Q — X is Pettis integrable if and only if it is Pettis
integrable when viewed as a function into X**. If X has a WCG dual then it
is isomorphic to a subspace of a dual of a WCG space. O
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